In previous author articles the model of anomalous diffusion, defined by stable random process on an interval with reflecting edges, is considered. An estimate of convergence rate of anomalous diffusion distributions to a uniform distribution, playing an important role in the physical-technical models of mixing of impurities, is constructed. However, recent physical studies require consideration of diffusion models, defined by multivariate fractional Brownian motion with dependent increments, that requires special mathematical technique. In this paper, a technology is developed and a power estimate of the rate of convergence to the limiting uniform distribution is built.
Introduction
In recent years fractional Brownian motion has experienced significant growth in the applied problems of physics [1] - [4] in connection with the necessity of modelling chaotic behaviour of the diffusing impurity in a variety of environments and alloys. Therefore there is a need to analyse the speed of mixing of impurities (convergence to the uniform distribution) in areas with reflecting boundaries, which cannot be obtained by the method of Fourier series.
Algorithm of constructing of such evaluation was proposed in [5] for onedimensional case and was based on the method of analysis of anomalous diffusion [6] , simulating stable random process with independent increments. However, in real physical processes multivariate processes are of interest. Therefore, in the present work, this algorithm was extended to the multivariate case with the help of special transition formulas.
Preliminaries
Multidimensional fractional Brownian motion with Hurst parameter
t ≥ 0, which has the following properties: 1) − → y (t) is a Gaussian process;
2) − → y (t) is self-similar with Hurst parameter − → H , i.e. the random vector − → y (t)
coincides by distribution with the random vector (c −H 1 y 1 (ct), . . . , c −Hm y m (ct)) for any t ≥ 0, c > 0; 3) − → y (t) has homogeneous increments, i.e. for any t ∈ E 1 , h > 0 the random vector − → y (t + h) − − → y (t) has a distribution independent on t.
In this paper the most interesting case, is when 1/2 < H 1 = . . . = H m < 1. Then − → y (t) is Gaussian process zero mean and covariance function
where Σ = ||σ p,q || is (symmetric) matrix of positive definite quadratic form (see [7, p. 101 The one-dimensional process y = y(t), t ≥ 0, (independently on y(0)) we associate with the reflected (from the edges of the segment [0, 1] random process Y (t) = g(s(y(t))), where the functions s :
Here u/mod A = A{u/A}, A > 0; {z} is the fractional part of a real number z, E m is m -dimensional linear space. A multi-dimensional process − → y (t) naturally maps to the reflected from the edges of the cube [0, 1] m , the process − → Y (t) = (g(s(y 1 (t))), . . . , (g(s(y m (t))). Derivation of the formula for fractional Brownian motion.
Let us first consider the one-dimensional case with p t = p t (u), f t = f t (u) -density the distribution of random variables (r.v.'s) y(t), Y (t) respectively, then for u ∈ [0, 1]
m , to the form
where I are diagonal matrices with diagonal elements λ i I = ±1, and vector
It is interesting to note that Formulas (1), (2), giving the distribution of the reflected diffusion process, are very similar by their structure to a formula obtained by a reflection [9, Section III, §13] and give the solution of the wave equation for a finite string with fixed ends.
Self-similarity of fractional Brownian motion with reflections from the edges of the cube [0, r] m . Consider the random process Y r (t), t ≥ 0, for r > 0 : Y r (t) = rg(s(y(t)/r)). Process Y r (t), t ≥ 0, is obtained from the random process y(t), t ≥ 0, with previous reflections, not from the edges of the segment [0, 1], but from the borders of the segment [0, r]. Denote f t, r = f t, r (u) the distribution density of r.v. Y r (t).
We introduce the normalized r.v. W t, r = Y r (t)/r = g(s(y(t)/r)), t ≥ 0, with the density f t, r (ru). Using the property of the self-similarity of fractional Brownian motion [7] , [8] , [10] , we obtain the equality f t, r (u) = f tr H (u). Turning to the multidimensional case, we get that m -dimensional vector − → W t, r , obtained from the random process − → y (t) by reflection from the boundaries of
Multidimensional fractional Brownian motion
Let Σ = ||σ i,j || is a symmetric matrix of positively definite quadratic form. Then the covariance matrix of the random vector − → y (t) is representable in
and hence the density distribution of a Gaussian process − → y (t)
From Formula (2) we obtain for
where ||b
Lemma 2.1 For i = 1, . . . , m, h = 2T −H < 1, the following relation takes place ∂f
Proof. In the proof of the Lemma 2.1 to simplify the notations we omit everywhere the subscript I and assume without limiting the generality that I is the identity matrix.
(the product of orthogonal matrix on diagonal matrix), which transforms a positively definite quadratic form 
where for j = 1, . . . , m,
then we have . . .
Then it is possible to rewrite the series of S j in the form
Because of the equality (4):
Let the rectangle V ( − → k ) is converted by a linear mapping C on the parallelogram W ( − → k ), and therefore, we have
where
Thus, because of Formulas (5) - (7) we have:
Denote γ k,p = γ k,p (w p ) = w kp − w p , then it is easy to obtain the inequality:
Consequently we have
In turn, denoting a r = exp(−w 2 kr /2), b r = exp(−w 2 r /2) we have:
in virtue of (9) we have for all − → w ∈ W ( − → k ):
Direct calculations lead to relations
analogously we obtain
Connecting Formulas (11) - (13) we have:
and so Formula (10) leads to the relation
From Formulas (8) , (14) we obtain:
In these computations sufficiently simple calculations of different constants are omitted because of their bulkiness. Lemma 2.1 is proved. (2), (3), we obtain for some c i < ∞ :
Corollary 2.2 From Formulas
Remark 2.3 The assertion of Lemma 2.1 extends to the case of multidimensional fractional Brownian motion in general form, 1/2 < H 1 , . . . , H m < 1, replacing H by min(H 1 , . . . , H m ) .
c i we have the inequality
Proof. Because of Formula (1) equalities
of Corollary 2.2 the following inequality holds 
Conclusion
Obtained in the present work, an upper estimate of the convergence rate of the density function of a multidimensional fractional Brownian motion with reflection at the boundaries of a cube is not exponential as in the usual Brownian motion or for a stable process with independent increments. Apparently, it is due to the fact that the multidimensional fractional Brownian motion models the processes with chaotic behaviour [1] . It remains an open question about the construction of estimates of the convergence rate of the density of the multivariate fractional Levy motion with reflections [7] , [11] , to the uniform distribution.
